The objective of this paper is to evaluate a new three-noded mechanical beam finite element for the non-linear analysis of laminated beams. It is based on a sinus distribution with layer refinement. The transverse shear strain is obtained by using a cosine function avoiding the use of shear correction factors. This kinematic accounts for the interlaminar continuity conditions on the interfaces between layers, and the boundary conditions on the upper and lower surfaces of the beam. A conforming FE approach is carried out using Lagrange and Hermite interpolations. It is important to notice that the number of unknowns is independent from the number of layers.
Introduction
Composite and sandwich structures are widely used in the engineering field due to their excellent mechanical properties. In this context, they can be submitted to severe conditions. For composite design, accurate knowledge of deflection or stresses is required to take into account effects of transverse shear deformation due to the low ratio of transverse shear modulus to axial modulus, or failure due to delamination . . . In fact, they can play an important role on the behaviour of structures in services, which leads to evaluate precisely their influence on stresses, particularly on the interface of layers.
The aim of this paper is to evaluate a new finite element introduced in [2] which allows to analyze laminated composite beams. This particular study focuses on elasticity field in relation to moderately large displacements.
According to published research, various theories in mechanics for composite or sandwich structures have been developed. They can be classified as:
The equivalent single layer (ESL): the number of unknowns is independent from the number of layers, but the shear stress continuity on the interfaces of layers are often violated. We can distinguish the classical laminate theory [3] (it is based on the Euler-Bernoulli hypothesis and leads to inaccurate results for composites and moderately thick beams, because the transverse shear is neglected), the first-order shear deformation theory, and higher-order theories: [4] [5] [6] [7] [8] [9] [10] [11] [12] which analyse stresses for beams and plates. These theories are also applied to buckling problems. A finite element model is developed in [13] . A parabolic distribution is chosen in [1] . Karama [14, 15] uses an exponential function for in-plane displacement components. In [16] , the method of power series expansion of displacement components is carried out. We also find works about stepped composite beams [17] . And, in [18] , the displacement components are expressed in a series of simple algebraic polynomials with the Ritz method to obtain the critical buckling load. Concerning non-linear bending analyses, Chandrashekhara [19] and Polit [20] develop a finite element approach. The discrete layer theory or layer-wise approach (DLT): this theory aims at overcoming the restriction of the ESL about the discontinuity of in-plane displacement on the interface layers [21] [22] [23] [24] (FSDT), [25] . Few works about buckling problems are applied to beams.In this framework, some authors have developed the zigzag model in order to improve the accuracy of results and reduce the number of unknowns for multilayered composites. This model has the advantage of taking into account the first derivative discontinuity of the in-plane displacement in the transverse direction. This was first employed by Murakami [26] with Reissner's new mixed variational principle to develop a plate theory. Then, it was also used and improved by Reddy, Icardi, Di Sciuva, Averill, Cho, Carrera [27] [28] [29] [30] [31] [32] , with different order kinematics assumptions. For a review of zig-zag method, see Carrera [33] . In the context of buckling analyses, see [34] . A multitude of analysis models for layered structures and corresponding finite element formulations have been developed over many years. An extensive assessment of different approaches has been made by Noor [35] , Reddy [36] and Carrera [37] . Overviews about the particular problem of buckling of composite plate and shell structures are given in [38] .
Thus, the proposed finite element which belongs to a family of sinus models for rectangular laminated beam analysis is built, in order to have a low cost tool, efficient and simple to use. In fact, our approach is associated with the ESL theory. This element is totally free of shear locking and is based on a refined shear deformation theory [39] avoiding the use of shear correction factors for laminates. Our element is based on the sinus model [40] . It is C 0 -continuous except for the transverse displacement associated with bending which is C 1 . It should be noted that all the interface and boundary conditions are exactly satisfied for displacements and stresses. Therefore, this approach takes into account physical meaning. The new model named SinRef-c model uses a Heaviside function to satisfy conditions of continuity. It is based on the double superposition hypothesis from [41] . Three local functions are added to the sinus model. It yields to only four independent generalized displacements, i.e. three displacements and one rotation.
In this article, first the mechanical formulation for the refined sinus model is described. The associated finite element is given in the context of the geometric non-linearity. It is illustrated by numerical tests which have been performed upon various laminated beams.
In particular, the influence of boundary conditions and stacking sequences on critical buckling loads is investigated as in [18] . A parametric study is given to show the effects of different parameters such as length-to-thickness ratio and number of degrees of freedom. The accuracy of computations are also evaluated by comparisons with literature results and also two-dimensional finite element computations using commercial codes.
Finally, other numerical examples are presented to demonstrate the effectiveness and the accuracy of the finite element models for post-buckling and non-linear analyses. Computations for different stacking sequences are compared to 2D finite element computations.
Resolution of the mechanical problem

The governing equations for mechanics
Let us consider a beam occupying the domain
Â Ã in a cartesian coordinate ðx 1 ; x 2 ; zÞ. The beam has a rectangular uniform cross-section of height h, width b and is assumed to be straight. The beam is made of NC layers of different linearly elastic materials. Each layer may be assumed to be transversely isotropic in the beam axes. The x 1 axis is taken along the central line of the beam whereas x 2 and z are the two axes of symmetry of the cross-section intersecting at the centroïd, see Fig. 1 . As shown in this figure, the x 2 axis is along the width of the beam. This work is based upon a displacement approach for geometrically non-linear elastic beams. The list of principal notations is listed in Table 1 .
Constitutive relation
Using matrix notations, the one-dimensional constitutive equations of an orthotropic material are given by:
where we denote: the stress tensor ½; the strain tensor ½". Furthermore, in Eq. (1), constitutive unidimensional laws are given by the elastic stiffness tensor ½C. Taking into account the classic assumption 22 ¼ 33 ¼ 0 (transverse normal stresses are negligible), the longitudinal modulus is expressed from the three dimensional constitutive laws by:
where C ij are orthotropic three-dimensional elastic moduli. We also have C 55 ¼ C 55 . Fig. 1 . The laminated beam and co-ordinate system.
The weak form of the boundary value problem
Using the above matrix notations and for admissible virtual displacementũ Ã 2 U Ã , the variational principle is given by:
Findũ 2 U (space of admissible displacements) such as:
where ½f and ½F are the prescribed body and surface forces applied on @B F . "ðũ Ã Þ is the virtual strain. Eq. (3) is a classical starting point for finite element approximations.
The displacement field for laminated beams: the refined sinus model
Based on the sinus function (see [42, 43] ), the refined sinus model denoted SinRef-c is presented in this section.
This part is based on both:
various works on beams, plates and shells, cf. Refs. [20, 39, 40, 42, 44, 45] concerning the refined theory, the so-called 1-3 double-superposition theory developed by Li and Liu [41] .
It also follows works about local-global approach studied in [46, 47] .
The SinRef-c model (see [2] ) takes into account the continuity conditions between layers of the laminate for both displacements and transverse shear stress, and the free conditions on the upper and lower surfaces owing to the heaviside function. Moreover, the refinement is added in each layer.
Hence, in our approach, the displacement field is assumed to be of the following particular form (with w 0 ¼ @w=@x 1 ): 
where H is the Heaviside function defined by
t is the time and
In the context of the sinus model, we have:
and this function will represent the transverse shear strain distribution due to bending by its derivative. 
In the classic approach, w is bending deflection following the z direction. u is associated with the uniform extension of the cross-section of the beam along the central line. And, ! 3 is the shear bending rotation around the z axis. Remarks:
From Eq. (5), classical beam models can be deduced without the local functions: -Euler-Bernoulli
These Legendre polynomials have the interesting following properties: if we note
and 
At this stage, 3 Â NC þ 3 generalized displacements are included in Eqs. (5) and (8) .
It should be noted that it is not necessary to introduce transverse shear correction factors.
The following part is dedicated to the obtention of relations between kinematic unknowns from: lateral boundary conditions, interlaminar continuity conditions (displacement, transverse shear stress).
It should be noted that the physical meaning is kept.
Continuity conditions and free conditions for the refined sinus model
From the displacement field Eq. (5), some continuity conditions on displacements and interlaminar stress must be imposed. For an interface layer kf2; . . . ; NCg (see Fig. 2 ), we have: displacement continuity conditions as in [46] i.e.: transverse shear stress continuity between two adjacent layers:
So, 3 Ã NC À 3 conditions are imposed, which allow to reduce the number of unknowns to 6 generalized displacements.
Free conditions of the transverse shear stress on the upper and lower surfaces must also be verified. So, we have:
¼ 0 and
Finally, the number of generalized displacements is reduced to 4, which is independent from the number of layers.
Relation between the generalized displacements
Using the displacement notation introduced in Eq. (8), the conditions Eqs. (10)- (13) Finally, the four unknowns become u; w; ! 3 , and u 1 31 .
Linear part of strain
Matrix notations can be easily defined using a generalized displacement vector as:
and ½F u ðzÞ is depending on the normal coordinate z. Its expression is given below: The linear part of the strains for the symmetric laminated beam element is:
ð18Þ These expression can be described using a matrix notation:
and ½F s ðzÞ is depending on the normal coordinate z. Its expression is given below:
Matrix expression for the weak form: linear part
From the weak form of the boundary value problem Eq. (3), and using Eqs. (19) and (20), an integration throughout the cross-section is performed analytically in order to obtain an unidimensional formulation. Therefore, for a linear analysis, the first term of Eq. (4) can be written under the following form:
where ½C is the constitutive unidimensional law given in Section 2.1.1, and X represents the cross-section À h 2 (21), matrix ½A is the integration throughout the cross-section of the beam material characteristics. The interest of the Legendre polynomials choice can be emphasized in the calculation of the matrix ½A owing to their properties of orthogonality (cf. Eq. (9)).
The 1D three-node finite element for non-linear analyses
This section is dedicated to the finite element approximation of the generalized displacement and the resolution of the non-linear mechanical problem, see matrices ½E s ; ½E Ã s ; ½E u , and ½E Ã u (Eqs. (19) and (16)). It is briefly described, and the reader can obtain a detailed description in [40, 2] .
Non-linear finite element formulation
The multilayered structure is considered in a Total Lagrangian configuration, so that its mesh is denoted The discrete boundary value problem is therefore formulated by the following Total Lagrangian functional available for non-linear analysis:
Absence of followed forces is considered here. Thus, the main feature of the non-linear formulation is incorporated into the virtual internal power aðũ;ũ Ã Þ [L h e ð0Þ i.e.
Z h=2 where Nq j ðÞ are Lagrange quadratic interpolation functions and x e 1 ðg j Þ is the cartesian coordinate (measured along the x 1 axis) of the node g j of the element L h e . is an isoparametric or reduced coordinate and its variation domain is ½À1; 1.
Interpolation for the bending-traction beam element
The finite element approximations of the assumed displacement field components are hereafter symbolically written as u From the kinematics (see Eq. (5)), the transverse displacement w h must be C 1 -continuous; whereas the rotation ! h 3 , the extension displacement u h and u 1h 31 can be only C 0 -continuous. Therefore, the generalized displacement w h is interpolated by the Hermite cubic functions Nh j ðÞ.
According to the transverse shear locking phenomena, the other shear bending generalized displacements, rotation !
in the corresponding transverse shear strain components due to bending, and enables to avoid transverse shear locking using the field compatibility approach, see [48] .
Finally, traction u h and u 
Expression of strains
All the quantities in Eq. (23) refer to the initial (fixed) configuration. Virtual strain rates and strains can be split into their linear (index L) and non-linear (index NL) parts as follows:
The geometrically non-linear formulation now considered is based on Von-Karmann assumptions where deflexion is moderately large, while rotations and strains are small. Non-linear parts in (25) are then given by
The linear part in Eq. (25) is detailed in Section 2.2.3.
Consistent linearization procedure
From these latest equations, it is evident that expression (23) is non-linear with respect to displacements, and a Newton algorithm has to be used to find a numerical solution of Eq. (22 
The left member of Eq. (28) has to be computed and gives the tangent operator, while other quantities in the right member are known vectors as they depend only on the known state u h .
Tangent stiffness matrix
The tangent stiffness matrix is now derived from the left member of Eq. (28) 
Elementary matrices
In the Section 2.2, all the finite element mechanical approximations were defined, and elementary rigidity ½K e matrix can be deduced from Eq. (21) . It has the following expression:
where ½B e is deduced expressing the generalized displacement vectors, see Eq. (19) , from the elementary vector of degrees of freedom (dof) denoted ½q e by: ½E h se ¼ ½B e ½q e ð 33Þ
The matrix ½B e contains only the interpolation functions, their derivatives and the jacobian components. The same technique can be used defining the elementary matrices ½K e ð u h Þ and ½K e ð h Þ.
Numerical results and discussions
In this section, several non-linear tests are presented evaluating the efficiency of our finite element. It is to be noted that this finite element has showed very good properties in the context of linear analysis, i.e. static and vibration tests (see [2] ). In particular, there is no need for transverse shear correction factors. Convergence velocity is high, and accurate results have been obtained for different benchmarks. So, we want to extend these characteristics to non-linear analysis.
Critical buckling
The critical buckling load value is found by solving the following eigenvalue problem:
In the following sections, buckling predictions are validated against results obtained by other available higher-order shear-deformation theory or 2D analysis.
Convergence study
Before proceeding to the detailed analysis, numerical computations are carried out for convergence properties.
As in [13] , an isotropic beam is considered to study the shear-deformation effect and the refinement of the mesh on the buckling load. This test is detailed below: Results: critical buckling load; comparison with analytical results [49] and higher-order shear-deformation theory [13] (third-order expansion in the thickness) for a finite element model. are also given from [13] in Table 2 . In this approach, a four-node straight-beam element with 56 dofs per node is used.
The convergence of the SinRef-c model is very high. Moreover, the efficiency of this model is better than the HSDT model.
The second example is issued from [14, 15] . It deals with a symmetric laminated composite with the following characteristics:
Geometry: the beam studied has a length of L ¼ 6:35 m, and a thickness h ¼ 0:2794 m (thin S % 22:7). The layup is (90°/0°/90°), with thickness (0.25h/0.5h/0.25h). Boundary conditions: simply supported beam. Material properties: the material used is boron epoxy which has the following mechanical properties: Table 3 Critical loads for the buckling of a simply supported beam (thin beam) Geometry: the beam studied has a length of L, and a thickness h (thin S ¼ 5; S ¼ 10). It possesses three layers at (0°/90°/0°), with the same thickness. Boundary conditions: hinged-hinged, clamped-hinged, clamped-clamped, clamped-free clamped: The results for different length to thickness ratios and boundary conditions are given in Table 4 . As one can observe, the critical loads for the SinRef-c model are always lower than these of the TOBT. Nevertheless, these values are very close.
Influence of stacking sequences. Different cross-ply laminates are considered as follows:
Geometry: the beam studied has a length of L, and a thickness h (S = 10). stacking sequencies: (0°), (0°/90°), (0°/90°/0°), (0°/90°/0°/90°), layers with the same thickness. Boundary conditions:simply supported beam. Material properties: [50] (beam finite element model using a higher-order shear deformation theory). Table 5 shows a good agreement between the two theories regardless of the stacking sequence.
4.1.2.3.
Influence of boundary conditions. A set of boundary conditions is considered as in [18] . The results are compared with the ones available in the literature for different stacking sequences and length-to-thickness ratios. Only critical loads of higher-order shear deformation theory are presented for comparison, see [18] for more details. It should be noted that this theory does not ensure the continuity of the transverse shear stress on the interfaces between the layers for the unsymmetric beam. This limitation does not exist in our approach. Nevertheless, these theories are compared here.
The tests are characterized by
Geometry: the beam studied has a length of L, and a thickness h (S = 10). stacking sequencies: (0°/90°), (0°/ 90°/0°), layers with the same thickness. Boundary conditions: simply supported beam (SS), clamped-free (CF), clamped-simply supported (CS).
Material properties: two material are considered: mat I: HSDBT ds stand for hyperbolic shear deformation beam theory and discontinuity interlaminar stresses respectively.
The critical buckling loads for symmetric and anti-symmetric composite beams are given in Tables 6-9 with respect to span-to-thickness ratio (thick S = 5, moderately thick S = 20), boundary condition, and material.
For the three layers case:
the difference between the two theories can be more appreciated for the material II, the value of the critical load for the SinRef-c model is lower than the corresponding HSDBT value for the material I, it is the reverse for the material II.
For the two layers beam:
it should be noted that the results issued from the SinRef-c model take lower values than the corresponding HSDBT case (discontinuous case) regardless of the material, the boudary condition, and the length-tothickness ratio, as in [18] , the critical loads are close for CF boundary condition, especially for E 1 =E 2 ¼ 10 ( Table 9 ).
Buckling of sandwich beam
As in [34] , the particular case of a sandwich beam is considered as follows:
Geometry: the 3-layer sandwich beam has graphiteepoxy faces and a soft core with thickness 0.1h/0.8h/ 0.1h and length to thickness ratio from S = 5 to S = 100. Boundary conditions: simply supported beam. 
In Table 10 , the results of the present model are compared to exact solution of 2D elastic buckling formulation for different span-to-thickness ratios. It should be noted that the error remains low for very thick and thin beams.
Post-buckling analyses
In this part, three stacking sequences (0°/90°), (0°/90°/ 0°), and (0°/90°/0°/90°/0°) are considered in post-buckling analyses. The tests have the following characteristics:
Geometry: the beam studied has a length of L ¼ 6:35 m, and a thickness h ¼ 0:2794 m (thin S % 22:7). It possesses two layers (0.5 h/0.5 h), three layers (0.25h/0.5h/ 0.25h), and five layers (with equal thickness h/5). Boundary conditions: simply supported beam with a transverse perturbation load F per . Material properties: the material used is boron epoxy which has the following mechanical properties: The variation of F with respect to transverse displacement w is presented in Figs. 4-6 . The results are compared with 2D finite element solution (ANSYS). It is seen from these figures that the present finite element performs quite well for all cases.
Non-linear analyses
In this section, the computation of the non-linear response, with respect to the Von Karman assumption, for a beam subject to a transverse load is achieved by solving:
where ½DF is the incremental applied load matrix and ½K NL ð qÞ is the non linear rigidity matrix terms. Two stacking sequences of laminated composite are considered for non-linear bending tests: The same study is carried out with the commercial code ANSYS [51] . A very refined mesh with 7980 dofs in a 2D analysis is considered as a reference. Tables 11 and 12 the capability of our finite element to take into account the non-linearity. These Figures also indicate the robustness of the present finite element for geometrically non-linear tests.
Conclusion
In this article, a new numerical model, denoted SinRef-c, has been presented and evaluated through different non-linear benchmarks: buckling, post-buckling, and non-linear bending tests. It is a three-node multilayered (sandwich and laminated) beam finite element for linear and non-linear analyses. Based on sinus equivalent single layer model, a third-order kinematic per layer is added, improving the bending description for thick beams. There is no need for transverse shear correction factors and all the interface and boundary conditions are exactly satisfied. So, this approach has a strong physical meaning. Finally, the classical three unknown functions (two displacements, one rotation) are used and only one more function is needed in this new model. In fact, this finite element is simple and efficient for a low cost, compared to layerwise approach or plane elasticity model in commercial softwares.
Several numerical evaluations have proved that this model has very good properties in the field of finite elements. The convergence velocity is high and accurate results are obtained for thick or thin beams, all the boundary conditions, and different stacking sequences. Critical buckling loads and post-buckling are very well predicted.
This approach will be extended to plate and shell finite elements. 
